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Systems of linear equations
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Linear equations in multivariate analysis

* Most problems in multivariate statistics involve solving a system of
m equations in n unknowns

A %y + Byp, Yt = Bun K =B
6‘1.1 x‘ + %, Kot thusbl.— -~ A x = .é
. MXh  AX| ™

: \
Q"M'. 3’4 + Qnth-k = J‘Ql\h\ x"\= b'h - / L Constaks
Coflfiziats  Unknowns

* When m=n and A is non-singular, solutionis x = A1 b

« It is useful to understand the general ideas, as well as the
underlying geometry

« Counting unknowns (parameters) and independent equations (data)
is important in understanding statistical models

Linear equations in multivariate analysis

Two cases appear in statistical applications:
Non-homogeneous equations:
AX =Db

= The classic case is the general linear model, where we find estimates of
regression coefficients and ANOVA effects by solving:

(X'X) b=X'y
Ax =0

= The classic case is in PCA/FA, where\we\Xind eigenvalues &
eigenvectors by solving

Homogeneous equations:

(R—Av =0

Linear equations: Examples
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Linear equations: Examples

Eads equation, descilbey Eacl, equrchon descide, a
a. [ine in 2D gpace plne i 3D Space.

Vector space lingo

Def": A vector space, V,, is the space of dimension n of all linear combinations
of some set of vectors

Xa X3 _~soltow ('x\ { I
' 4{ ﬁ‘ / 2/ (o * V,:v=(0,0,0,..)--apoint .
Salrhan " : "“\ v 2v
= 1 * V,: any one vector -- a line
) N 1
) Ve — %,
@ @ * V,: any two linearly independent
vectors — a plane -
1.1_ |
In these examples, we see that a solution (if one exists) corresponds to a point * Vj any 3 linearly independent
that lies on all three lines (in 2D) or in all three planes (3D) --- there they all vectors — a volume ) 2
intersect — thus satisfying all equations
7
Geometric interpretation: 2D Geometric interpretation: 3D
Two unknowns Three unknowns o o

* Solution space is 2D (V,)
* 1eqn: 1D subspace (V,)
* 2egn: 2 1D subspaces
= May intersect in a point (V)
= Unique solution
* 3eqgn: 3 1D subspaces
= May intersect in a point (V) « ey ] «
= Or, be inconsistent i

Solution space is 3D (V3)
* 1eqn: a?2D subspace (V,)
= aplane — 3 2
 2eqn: 2 2D subspaces ) )
= may intersect in aline (V)
* 3 eqn: 3 2D subspaces

= may intersect in a point (V,) — : A : A
unique solution

7*x1+5*2-3*x3 = 16

Each equation reduces solution P 2 P 2
space by 1 dimension (= 1 df) “ “

7*x1 +5*%2-3*x3 = 16 7*x1 + 5*x2 - 3*x3
3*x1-5*2 +2*x3 = -8 3*x1 - 5*x2 + 2*x3

6
-8
5*x1 + 3*x2 - 7*x3 0
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Geometric interpretation of consistent equations

Generalizing: n unknowns — a space, V,,, of n dimensions
1 eqn ;.\Q\ on kvewws —> (N-DD  subspre, V., & Vi
2 @u w o Onkweins — 2~ Vo & Vo
. WFCd’ W Viez
(“'lj et omknowns > () Vo Vi
weheveee in Vn_(“_b=\f‘ = lme
N egn in N onkowns = N Vo, o .
iercedin Vo= Vo= PO
e UAYUR. -——/

Sslution

Not all systems have unique solutions

@
Onderdetevwined equationg -—'IV\'GJWHA.‘ Mo solotiong
B® _

©) 2(,1+14L:2- \
@2:76\+2‘Z§’5.4 [
Q@ 3% 3% =6 X

Here dhere. are. infi

poies, 4, %, wd, satisfy a3
equakitns stmuPanesosly — an
P 4 the fovim (%, 1—1-59
—+the, equations are ondevdetevmined (bar cmsu%w})

Note that we can find solutions by assigning an arbitrary value to one

unknown, or adding one more equation (x, = 0). Then, (X;, X,) = (2, 0)
satisfies all equations.

Some systems have no (exact) solutions

: @
Ovevdetermned (esitert) eqcalioms — Ao Dlrfion
© b,
O X~ =1 _
@2X +2%. = | i
®34 + %4=6 _ \

Here thane, & 1o pair 4}[@1@ A
vaes thal sim ul.;‘;qmeom(\\ = /
sehisfy ol 3 equalions —the ialiws

are  incansistet ~ ov %, %, e oveydetermined

—bi 4hore s & Solution - amy & equations, ov @ - bect
appxmite Solohion (BAS) which comer 'Clocest! & @l 3.
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Some systems have even less!

(Dzi'{- 1(1..':‘1
@.’L..-\- Wy =P
@7‘!1- % =3

These equations also have no solution ﬁ \9

(inconsistent) — x,, X, are overdetermined.

Even any 2 equations are inconsistent.
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Rank & geometry: conditions for solutions

m equations in n unknowns: A X .=b

mxn’* nx1 mx1

e are consistent iff r(Alb)=r(A)

* solution is unique if r(A|b)=r(A)=n
e solution is underdetermined if r(A|b)=r(A)<n

e are inconsistent if r(A|b)<r(A)

ey C’ms"ﬂozk/um‘i"a b 7
[l *11 7;2.) (E j)g %J
(A) = ((Al) 15

Rank & geometry: conditions for solutions

Co VY :,
1 - © % - 1
O o | &

A = T(AlE) =3

ey

® Consictei / Undevderermined \

L0 -
r(A)= (Alb) =4 | 5

Rank & geometry: conditions for solutions

[ SG)

c(AlD=2-

mﬁw/omd&wmfé@

o

FA =2 rlAD=3 rA=1
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Why r(A | b) = r(A) works

* Consistent / unique: r(A | b) =r(A) =n
= All subspaces linearly independent, so they intersect
in a unique point (V,)
* [underdetermined: r(A | b) =r(A) <n
= Some rows of A are linearly dependent, but the same
dependence exists among elements of b

* Inconsistent: r(A | b) > r(A)

= Linear relations among rows of A differ from those of
b — there can be no (exact) solutions.
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Statistical applications

(@ Reqression. ¢
x|

predichors ~ T

R etrres
b).

-/,

— inconsicfed — no 2xad-
Solotion unless
M= N =4 o} reqvession ooffs

Example: Find equation of a line through two (or more) points

e y=b0+blx

e x=(1,4),y=(5,11)

¢ Each point provides one equation
¢ Solution for (b0, bl) satisfies all

# culjeds =m———

Bit a [east Suares BAS is passible
Least Squanes pr’mdflc — 'norme eqm:h&v\_s'

Since. F(XX) =N (unless ove
predictor (s @ lineav comb of-
' G‘PﬂW) selotion. ¢ L’vae :

b= &%) XY

(XX)E =Xy

Af

Data space

> showEgn(X, Yy)

b0 +bl = 5
b0 + 4*b1 = 11
> Solve(X, y)
b0 = 3

b1 = 2

Beta space

19 X 20
Example: Find equation of a line through two (or more) points Real data never yields consistent equations
e y=b0+blx e y=b0+blx
« x=(1,2 3,4),y= (57,09, 11) > showEan(x, ) ¢ x=(1,2,3,4),y=(53 6.7 9.310.7) o onouEanCG v
« Each point provides one equation bO + 2*b1 = 7 « [Each point provides one equation bO + 2*bl = 6.7
+ Solution for (b0, b1) satisfies all oD + Least squares solution for (b0, b1) e
> Solve(X, y) satisfies “best”, in data space > Solve(X, y1)
b0 = 3 x1 = 3.5
b1 = 2 X2 = 1.8
0 =0 0 = 0.4
0 =0 0 = -0.4
I Data space s I Beta space I Data space »:
y Beta space
X b0 21 X t0 22




Statistical applications

(b) ANOVA
Meded Yij = A+ o + ) Com be witlen aseg dommy
Vo 1aloles ¢ % =y -
\ 4 01 o o” — Underderevmined
243 L o | o o™ -
a.‘\.'\l\“‘ : 1 0 o | 2 %l Sinee. r’(x)= D+ (o)
~ : g L2 23 ;‘- % < n=l+ath
| o0 9 | L
I'- © | o 0 1]\ps

Bot canbe whed fov tha 1+ (@) +(b-) hdePendert parumete
(@) drop—redondanl parameters(%y; B3) =
(b) restiictions ow onknowws (Tol =0, Z chD — adds epaliow

In general, factors and interactions in ANOVA designs have more parameters

than can be solved for independently. Standard software (R, SAS, SPSS)
handles this automatically, but interpretation depends on knowing what it does!

Gaussian elimination

7
Cemeval methad o S'ol\f‘-\:’\ﬁ] A x=5 [G‘*“""“ e""“lm

WA AxL el

D Toim e b vedor © A guire CA|E]

2) Use elemev&'am,\ You cpevahevs o neduce A i [AUE]
To 1ow-echelon fovm (re. Samwe opevadiovs g b ar on A)
—caM verdt [ A | b

z) The ques @ new sysfew of equations — A, X =b,
Which, has some spliof o s Hhe ongial equitions

[ER0s <+ (@ molhplying both cidos o eguafion by @ comatast
&) addu oelc % eguals
@ veovd Mg CFUafIovS

4) when A & 1 You echelon 7%‘Vm, +he §o(uﬁé\4@_;«f@7
ave appasi T spechion

Gaussian elimination

£) -@
e pob 33 e
@ Z!FYLF?«% { < 21 V=) 2T ’:I 0| FA}
= 2 = o 4|3 =] 1|3
@ Z.XF'!'ZXJ, ! ‘ % l ;J Qo 4 -—g)ll o 0 o
@ 3'}&;‘-‘7’-'2_"'3 -
Le. [f o7 4\ %\ . %= 4 onewe
o1l F¥) T |- ==3 g
oo \ %y \ ?] S 54 Solution

0 % -%=2 | -1 |2 1|2 ' o] %
® 2x+2%= | 2 2|1|=|o 4|3|= | ©O1 -%J
@z ;ﬁ;éj e Bripais e
s ‘x':f?/ INCOW S\STEAT
Me-nvd . @&d&%\\hmeﬁq

O%+0%=3, a--coﬂwéfd'xi\« o

Gaussian elimination

Ot =1 P (1 (Jé.‘=!
2%t = 2 5 = OOCOJ — gg g

3% f3% =3 @8
Le. % +%=1 {Mm ; ('h),_. /l"ﬁ?)‘
R Cam expvess Gomevd sofw as | % \ %

£ amy chares a{- 'x?:
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Gaussian elimination

Gemeval (Vles

® Tf amy 3ero Yo =l Ar cowespovds 4o a now-zen ewtvy o
b, them thee s a conbadichon $ Syctem s macdw

o Tf fhere i N0 cofradicion £ vomk A = (=4 nogero rous Ac)
Haew coluhan Is Onigoe Ac

"
= IOO x"\‘ b]‘ -:lg
S e )
m>3 oo i \?_1) L = | =3,
31 P

o6 © \é

I m=N (eponl# o Qukiins § onknouns & H C(A) =n
thew Hhe Onige Solution. Gan be expreced as x=A"'b
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Gaussian elimination

*Lf no coMaction € Yamk A =" <N, +hew equa,‘hm.'g; ane.
Undedteteymived — N-r  onknowns @an be Guien a’rdc'rl'rnnI

velues & remainng 1~ onknoums can be wlved 1 Fevmg
of dhege .

A, be

Eﬂ.. / -
I 10, ,Z X 4
o O l/"5 ’ll =[-| |I
—»|0o00 Of |7 o)*"cam‘ur]re\:\-
(—r o 0o O \ X o/~

fank (Ay) = (amk (A=2 — uv&erddermmed, Qann Colve fov A onknowms
positions o icackiﬁ As ndiate whidy x% + Solve fov
re @tk tim =4 } % =4-% -2

@_ 3% ==l % = %"
G-l ¥3% (2 e
% = % mﬁmww_{
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Gaussian elimination- matrix algebra

An algebraic amumost o e aee T(A(b) =rA) <n
is as follows;: '

((R) = <N += some m-r rows & A ave linearly
dependest ow He Emainwg YO

Permote foe lmeavly indepewded ~ rouc of A 3 b
cowme first awd  paviition e

LA A L\r _ b\e
{{[A,: -ﬁaj (J}”_ (‘J”

e ner

Sice the lagr Mer ross (equaiivs) e linearly depondanl,
%"“1 com be iqmmﬂd, So e Cam Solve eyt Y-

[An AIL'-[ (7_{\) = _LEE = A" X + Au.Z'-'.z_l,’_'l
¥

- _ =l - *
Solutiew {‘Z" - AII bl _Al‘l. A‘J.E‘- 29
¥a = ‘x’a‘ (ﬂ"br}ﬂl"“‘\‘}

The matlib package

Functions for visualizing linear algebra and systems of

equations:

* showEgn(A, b)

e plotEgn(A, b)

e gaussianElimination(A, b)

* echelon(A, b)

e Solve(A, b)

Many others, including:

* R(A) — matrix rank

* tr(A) - matrix trace

Install: install.packages(“matlib’)

Use: library(matlib)

> showEqgn(A,
1*x1 - 1*x2
2*x1 + 2*x2

nn o
~
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Two consistent equations in two unknowns:

> A <- matrix(c(l, 2, -1, 2), 2, 2)
> b <- c(2,1)
> showEqn(A, b)

1*x1 - 1*x2 = 2

2*x1 + 2*x2 = 1

> c( R(A), R(cbind(A,b)) ) # show ranks
[1] 2 2

> all.equal( R(A), R(cbind(A,b)) ) # consistent?
[1] TRUE

> plotEgn(A,b)

> Solve(A, b, fractions=TRUE)
x1 = b5/4
X2 = -3/4 o -

¥2

> gaussianElimination(A, b, fractions=TRUE, verbose=TRUE)

Initial matrix:
[.11 [.2]1 [.3]

] 1 -1 2

2.1 2 2 1

row: 1

exchange rows 1 and 2
[.11 [.2] [.3]

] 2 2 1

2 1 -1 2

multiply row 1 by 1/2
[.11 [.2] L.31

L] 1 1 172

[2.]1 1 -1 2

row: 2

multiply row 2 by -1/2
[.11 [.2] [.3]

1.1 1 1 172

2.1 0 1 -3/4

subtract row 2 from row 1
[-11 [.2] [.3]

[1.1 1 0 5/4

2.1 0 1 -3/4

>
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Homogeneous equations

When the vedsr b s 3evo:
Ax =9

MR\
MR NX)

+he sqs-&em s calied L\Dmo?&'@of
3@ ¥ —4 =0
® % t2%=0

“The +ivjal go[!mg}\l K =0/ ahwasyg
sakishes & homoseneoss Systom. —
which Hherefore s never ovevdeteywived
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Homogeneous equations

Nontrivial solubans exist m\\u\ When  Camk ( I.‘b <N\
— an ydevdeteymined Stfﬁem\ (D)

2q Y% -%=0 0
LY — 1%=0 ®

Here | thore ave Oﬁfﬁdﬂﬁ mwn{) solutions

whew 1 (A)< N, Hancfomalion T 0w echelow fovm.
com oeo be uaed T solve dwe gyctem

e |:|2' ;-1001__. [:} ; 2} re Ms«iuﬁh\h

% = —%;
We will use this next week to help understand eigenvalues and eigenvectors

%= arhﬂ'mw\
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Summary

* Linear equations are used in solving for
parameters in linear models
* Non-homogeneous equations: Ax =Db
®= m =n: solution is x = A1 b if AL exists
= Consistent: if r(A | b) = r(A)
= Inconsistent: if r(A | b) > r(A)
* Geometry:
= Each n-variable egn: (n-1) dim hyper plane in V,;
subspace
= Unique solution iff intersect in a point (V,)
= Underdetermined if intersect in larger space
= Inconsistent if no points lie on all hyper planes
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